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In this paper we arc dealing with differential equations of the form: 
x4”“) +p(t)g(x, x(1) ...) P-1)) = 0. (9 
LiEko and Svec, generalizing previous results of Atkinton [I], and 
I3elohorcc [2], proved in [5] that in the case g = g(x) = P, ~11 > 1, 01 == p/r 
(4, r odd positive integers relatively prime), p E C[t, , $-co), p(l) > 0, 
a necessary and sufficient condition for all solutions of (*) to oscillate is 
-+= 
J P-4(t) dt = +cO. 
10 
Here WC give two theorems. The first one shows that (A) is sufficient for 
all bounded solutions of (*‘) to oscillate, and the second gives a sufficient 
condition for all solutions of (*) to oscillate provided that g = g(x). 
Throughout the paper we consider only solutions of (*) which are non- 
trivial and valid for all large t. 
1. THEOHEM 1. Consider (*) under the following assumptions: 
(i) p : I-+ R+ = (0, -l-a), 1 = [to , t-m), 4, > 0, p E C[t,, , i-m), 
and (A) is satisiied 
(ii) g : [w” + R = (-co, + co), x, g(x1 , x2 )...) x*J > 0 for Xl f 0, 
and continuous on W; 
then, under the above conditions, every bounded solution of (*) is oscillatory. 
Proof. The proof is by contradiction. Suppose that the conclusion is 
not true. Then there exists a bounded solution x(t) of (*) which is non- 
l This research was partially supported by a N.A.1’.0. grant. 
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oscillatory on 1. We may (and do) assume that x(t) is defined and positive 
on I. In this case, Eq. (*) gives 
X(2n) = -p(t) &t(t), x(l)(t),..., x(2fi-l’(t)) < 0 (1) 
for every t ~1. Thus, x (sn-l)(t) is decreasing on I. Now, x(b’a-.l)(t) must be 
positive for large t. In fact, if x (2n-l)(t) was eventually negative on 1, then 
this would imply that x(t) is eventually negative on 1; a contradiction,, 
Proceeding in the same way, we can show that (--I~x’~+~~)(~) < 0 for 
every m == 1, 2,..., 2n - 1 and for sufficiently large t. Let tl be such that 
the previous inequality holds for every t 3 t, , and consider the function 
F(t) r= t2~~--1x(2~-l)(t), t E [t1, +a). PI 
By differentiation of P we obtain 
F(t) = -t2fl-1$(t) g(x(t), x(l)(t),..., x(zn-l)(t)) + (2n -’ I)t2(r”-1-)x’“n-l)(t). (3) 
Now, it is easy to show that lim,,+,g(x(t), x(l)(t),,.., x(zk-L)(t)) exists and 
is finite and positive. In fact, this is an immediate consequence of the con- 
tinuity of g, the monotonicity of the derivatives of x(t) up to the order 2n ---. 1) 
and the fact that none of these derivatives can tend to a nonzero limit, for 
n(t) is bounded on 1. So, if E > 0 is such that E < &a,, 0 ,..., 0) = .A, 
whcrc cz,, = lim,,,., x(t), then there exists a t, 3 tr with the property 
A - E < g(x(t), x(l)(t),..., x(~~-yt)) < A + E 
for every t 3 t, . 
(4) 
Thus, by use of (4) and integration of (3) from 2, to t > t, we get 
“t P(l) --Jqt,) < - (A - c) 
I 
s”“-p(s) ds 
t, 
+ (2n - 1) ,I, .qP(rr--l)x(2n--y~) &, 
(5) 
which, since P is positive, implies that 
On the other hand, computing the above integral we find 
f 
a 
S2M)Xm-1yS) & = s2h-1)X(27,,-2) 
t2 
(s)]:, - 2(?z --- 1) JiZ ss~-~Wn--s)(.$) cls,
(7) 
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from which, by taking into account (6), we obtain 
s t lim t-++m S2"-3X(2n-2)(S) ds = mm, 
82 
and similarly by induction 
s 
+a 
t2n-(m+l)X(2n-m)(t) & = +a if 712 :: 1, 3,..., 2n - 1 
tz 
s 
+m 
tZn -(m+l)X(2n-nl)(t)dt E -a if nz = 2, 4,..., 2(n 
h 
- 
Now, the second of (9) for m = 2(n - 1) gives 
s 
--,-cc 
tx”(t)dt = -03, 
1.2 
,<$ [tx’(t) - t,x’(t,) + x(&J - x(t)] = ---co 
(9) 
1) 
(10) 
(11) 
or 
(8) 
a contradiction, because U(t) > 0, and x(t) is bounded for large t. Th.us, 
every bounded solution of (*) is oscillatory. 
Remark. For n = 1 and g = g(x, x’), Theorem 1 coincides with Theorem 2 
in [4]. 
2. THEOREM 2. Suppose that in (*) we have n > I, arid moreover: 
(i) p as in Theorem I ; 
(ii) g : R -+ R, g E C’( --co, +(x3), xg(x) > 0 for x f: 0, g’(x) > 0 for 
1 x 1 E [K, + w) (K is some positive constant), and 
s +a ull”du/g(u) < +co, srn 1 u j’l”du/g(u) < fco E --E 
for every E > 0; then every solution of (*) is oscillatory. 
Proofi Suppose that x(t) is a solution of (*) defined on 1. Then, if x(t) 
is bounded on 1, Theorem I. implies that it must be oscillatory. Now assume 
that x(t) is unbounded and positive for all large t; then there exists a $ 3 t, 
such that x(t) > K for every t E [t$, -I- co). Here, following Mikusinski ([o], 
pp. 38-39), it suffices to distinguish two cases: 
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Case 1. There exists a t, > t,* such that 
(- l)yp-no(t) < 0 for every m =I 1,2,..., 2n -- 1 
and every t 3 tl . By differentiation of the function 
&l(t) = P”-‘x(2”-l’(t)/g(x(t)), 
we obtain 
q’(t) = - P+(t) + (2n - 1) t z(~~-1,x12n-l.,(~)/g(X(~)) 
- t2eP-lyt) x’(t)g’(x(t))/g(x(t))” (141 
<-- t-$(t) -I- (2n - 1) t 2(7L-lI,(2”-l’(~)~g(x(t)) 
where g’ means differentiation with respect to X. From (14), by integration 
from tl to t > t, , we get 
-I’;(t) - lJ,;.(t,) -- (2n - 1) s* S~(n--%(‘Ln-l)(S) A/g(x(s)) 
t1 
s 
1 WI 
.< - P-p(s) d.s --f -co as t -3 -+ co, 
t1 
which implies 
-2(X .-- 1) s” s2n--~x(2~--2)(s) ds/g(x(s)) 
t1 
4- i” 
(17) 
S2(-x(-)(S) g’@(s)) x’(s) ds)ig2(x(s)), 
t1 
Eq. (16) yields 
s 
lb 
p-“p-yt) &Ig(x(t)) r-: ---a. WI 
h 
Similarly by induction, 
s 
i-i0 
t2n-(m+l)X(2n--?IL)(t) &Q/g(@)) = +q for m == I, 3,..., 211 -- 1 
t?. (19) 
s +m pn-en tuX(2n--m)(t) &/g(#) -: -a-J, for m == 2, 4 ,..., 2(n - 1). 
t1 
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For HZ = 2n - 1, the first of (19) gives 
which, by hypothesis (ii) is impossible. 
Case 2. For some index 2n - 2i (2n - 2i 3 2), there esists a tl > t,* 
such that 
(-1)” xm-“‘yq < 0, for in = 0, 1,2 ,..., 2i -- 1, 
for every t > tI and some p > 0. Then from (19) (which still holds for 
wz = 2i - 1) we obtain 
where h is an upper bound for ~(~~~-~~+l)(t) which is decreasing for t > tr . 
Thus, since (22) is impossible (as it can be easily seen by putting u = t29r-2i 
and use of (ii)), the theorem is true. 
Note added in proof. The integral conditions on g (in ‘1-h. 2) can be replaced by the 
following weaker ones: 
s 
+m du/g(u) < -1. m, 
E 
I-‘= dzt/g(u) < + 03. 
--E 
In fact, from the Taylor series cxpnnsion of x’(t) (Case 2) we easily obtain 
t2n-ni~‘z~‘--2i+1J(t) Q Me’(t) (M some positive constant) for all sufficiently large t, 
and this combined with (22) gives us the desired contradiction: 
1 
+m 
+CO t”~-?x~~“-“~+yt) dt/g(x(t)) Q M du/g(u) = -I- co. 
$2 s z(t21 
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